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Abstract 

In built noncommutativity of supermembranes with central charges in 
eleven dimensions is disclosed. This result is used to construct an action for a 
noncommutative supermembrane where interesting topological terms appear. 
In order to do so, we first set up a global formulation for noncommutative 
Yang Mills theory over general symplectic manifolds. We make the above 
constructions following a pure geometrical procedure using the concept of 
connections over Weyl algebra bundles on symplectic manifolds. The relation 
between noncommutative and ordinary supermembrane actions is discussed. 



1 Introduction 

The appearance of noncommutative geometry in the study of string theory was first 
seen in [p]] where a noncommutative product was defined as overlap of half strings. 
This fact and subsequent work, including that of mathematicians using string tech- 
niques see H and references therein, led to the present believe that noncommutative 
geometry is necessarily relevant in the understanding of string physics. The best 
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understood context in which noncommutative geometry arises is in the interaction 
of open strings with background fields, where a constant background antisymmetric 
field is much larger than the background metric ||. 

In Q the description of Dp-branes in terms of fields on a noncommutative space 
was analysed. In there open strings were quantized in the presence of a constant 
B background field. The precise limits, in which the noncommutativity appeared, 
were obtained when it was observed that the a' ~> limit allows to express the 
product of vertex operators as a noncommutative star product. 

It is also important to understand from the point of view of the eleven dimen- 
sional M theory how the noncommutativity arises. There has been several articles 
on the matter mainly through M(atrix) theories, where the noncommutativ- 
ity is related to constant components of the three-antisymmetric tensor potential 
C. One would expect that the noncommutative description of D-branes could be 
obtained from a corresponding geometrical analysis of classical supermembranes 
without any need for a coupling to an external background field. After all, the su- 
permembrane in the light cone gauge over a flat background shows as a gauge sym- 
metry area preserving diffeomorphisms which correspond to symplectomorphisms 
in two dimensions. This result suggests that there should be a formulation of the 
supermembrane in terms of symplectic noncommutative gauge theories constructed 
from an intrinsic symplectic structure. Also, such noncommutative formulation of 
the supermembrane should correspond to the noncommutative construction drawn 
from the quantum analysis of the open strings by analogy with the case of the 
Born Infeld action. This action, describing D-branes for slow varying fields, may 
be obtained either from the one-loop analysis of strings or from a direct study of 
classical supermembranes ||. 

It is important to emphasize that the analysis on a constant B field, which 
directly defines a symplectic two- form in the construction of the star product, may 
only be considered in a local approach since any symplectic two-form is locally 
diffeomorphic to a canonical form with constant coefficients (Darboux's Theorem). 
However,the corresponding global study (with general symplectic two-forms not 
necessarily constant)is needed to provide insight into the structure of the action for 
noncommutative gauge field theories. 

In this article we will address the problem of noncommutativity arising intrin- 
sically in the context of supermembranes in eleven dimensions as well as a more 
general framework for noncommutative Yang- Mills theories where global aspects 
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are taken into account. 

Essentially, to see any noncommutativity one has to look for a Poisson structure 
structure intrinsically defined in the supermembrane theory In our work, for the 
sake of simplicity we will restrict the study to the case of symplectic manifolds which 
is enough for the discussion of the supermembrane and for most of the applications 
of noncommutative Yang-Mills,the more general formulation on Poisson manifolds 
[|] [0 will be treated elsewhere. 

A non-degenerate symplectic two-form emerges naturally in supermembranes 
when non-trivial central charges are considered in the supersymmetric algebra. 
These charges imply the existence of a closed two-form with integral periods over 
the two dimensional spatial worldvolume. We may reinterpret this two-form as a 
Poisson structure over the worldvolume. In the case of the supermembrane with 
a non trivial central charge, monopole type solutions were found for the minima 
energy levels of the Hamiltonian which provide proper non degenerate closed two- 
forms || |§ |lO|,i- e - symplectic structures over the spatial worldvolume. In this 
picture, the symplectic structure may be constant only on a Darboux chart. Hence, 
in order to have a correct and general formulation it is relevant to have a global con- 
struction of noncommutative gauge theories over symplectic manifolds with general 
symplectic two-forms. 

One way to achieve this goal is to follow the original ideas of deformation quan- 
tization in |l l] and [Q. In the latter, the idea of glueing charts with Moyal type 
star products (constant B) was used. Later a more geometrical approach was intro- 
duced particularly in fl3fl , see also |14}lfl5|1 . We will take results from |L3| to build in 
a geometrical formulation on a Weyl bundle, the noncommutative Yang-Mills con- 
nections and their corresponding action using a different point of view from |14| . Its 
projection to central terms of the bundle defined over the symplectic manifold (the 
world volume in the case of the supermembrane) provide the global construction 
of noncommutative Yang Mills theory. We will obtain explicit formulae where the 
presence of a symplectic connection appears manifestly together with the Yang- 
Mills potential. Having then this geometrical construction we may then apply it to 
the description of the D — 11 supermembrane as a noncommutative gauge theory 
as shown in section 5. In section 2, we introduce needed geometrical concepts, defi- 
nitions and notation in Weyl algebra bundles seeking to be selfcontained. In section 
3, we construct the noncommutative Yang Mills theory for the symplectic 'flat' case. 
In section 4 , previous results are extended to general symplectic manifolds, there 
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new terms in the noncommutative Yang Mills action appear naturally associated to 
the symplectic curvature. In section 5, the noncommutative supermembrane action 
is constructed and its relation to the ordinary known supermembrane action with 
central charges is considered. 



2 Connections over the Weyl algebra bundle 

The purpose of this section is to introduce notation and definitions we will use in 



subsequent sections, for more details see [13]. We will consider here a symplectic 
manifold (E,u>) of dimension 2n. The two-form uj defines a symplectic structure on 
each tangent space T X T,. The corresponding tangent bundle is TE. We will denote 
by j/ M the components of y G T X H, /j = l,....,2n , and the nondegenerate 
antisymmetric tensor defining the symplectic structure over the fibers of TE. Also, 
we denote x M the local coordinates over S, /x = 1, 2n. 

A formal Weyl algebra W x corresponding to the symplectic space T X E is an 
associative algebra over the complex space C with a unit, its elements being a 
formal series 



a(y,h)= £ h k a k ^...^...y^ (1) 

k,p>0 

where h is a formal parameter, /i = and \x v runs from 1 to 2n when p ^ 0. 
To order terms in the summation, we give the following degrees to variables: deg 
= 1, deg h = 2 and we order by increasing degrees 2k + p. The Weyl product of 
elements a, b G W x is defined as 

~ ih , 1 ,. „ „ „ d k a d k b , . 

ao6=V ) k — uj^ Vi . . .uj^ kUk . (2) 

^ y 2 k\ dy^ . . . dy^ dy Vl . . . dy v " y ' 

This product is associative and independent of the basis in T^S.The union of 
W x defines the Weyl algebra bundle W. Sections of the Weyl bundle are functions 

a(x, y,h)= £ h k a k ^ p {x)y^ ...yP> (3) 

k,p>0 

where ak^ 1 ... flp (x) are symmetric covariant tensor fields on E. We will also consider 
q-forms on E with values in W, 

a(x,y,h) =Y. hka K^-^ 1 ...u q {x)y lll ...y^dx Vl A...Adx u " (4) 
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where coefficients are covariant tensor fields symmetric with respect to \L\ . . . /j, p 
and antisymmetric in v\ . . . v q . The differential forms constitute an algebra with 
multiplication defined by means of the exterior product of differentials dx u and the 
Weyl product of polynomials in y fl . The commutator of two forms a G W <S> A 91 , 
b G W ® A 92 is 

[a,b]= aob- (-l) qiq2 boa. (5) 

A central form a is such that for any 6 G W <g> A, [a, b] = 

We now introduce connections on the bundle W ® A. They are differential oper- 
ators 

V:W ®A q ^W ® A q+1 (6) 
such that for any scalar form <fi G A q and section a of W <S> A 

V{<f> A a) = d0 A a + (-1) V A Va (7) 

To construct connections on the bundle W <8> A, we will use the concept of 
symplectic connections on S. There always exist a symplectic connection on any 
symplectic manifold. It is a torsion free connection that preserves the covariant 
tensor u^^.e. 

DpUJ^ = 0, (8) 

D p being a covariant derivative with respect to the basis {^fj} 

The connection symbols u^O^, associated with the symplectic connection D p 
are completely determined by the defining equation (||) only up to an arbitrary 
completely symmetric tensor. 

= 3 C ^ + 3^" + 397 [ } 

where Q ppv is completely symmetric and arbitrary. 

We now lift the symplectic connections to the Weyl bundle, defining connections 
T>s on sections of W (g> A .They are defined as 

V s a = dx p A D p a (10) 

The properties of the symplectic connection D p imply the following property of 
the connection T>s on the Weyl product of the bundle W ® A 

V s (aob) =V s aob+ (-l) qi aoV s b (11) 
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for a G W ® A 91 and b G W ® A 92 Consequently they satisfy 

P s [a,6] = [P s a,6] + (-l) 91 [a, P 5 6]. (12) 

In Darboux local coordinates (coordinates where the components of the sym- 
plectic two-form u are constants), the connection T>s can be written as 

V s a = da+ U<9,a] (13) 

where 6 = \Q^ vp y^y v dx p 

More general covariant derivatives V on the bundle may be considered with 
one-form connections 7 globally defined on E and with values in W, 

Va = V s a+ l -[ 1 ,a] (14) 

The two-form Vt 

n = R + V sl +^-[ 1 , 1 ] (15) 

is the Weyl curvature of the connection T>. R is the curvature of the connection 
T>s- The Weyl curvature satisfies the Bianchi identity 

vn = v s vt+ = (16) 

moreover, for any section a G W <g> A 

V 2 a= l -\n,a] (17) 

In general, transitions on the bundle TE will induce transitions on the algebra 
H^.The infinitesimal gauge transformations on elements of the algebra are expressed 
as automorphisms given by 

a^a+[a, A] (18) 

with 'infinitesimal' A G W. 

The corresponding gauge transformations for the connections V are 

V^V + VX. (19) 

Consequently 

Va -> Va + [Va, A]. (20) 
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Abelian connections T>a are connections T> with Weyl curvature f2 being a central 
form of the algebra. Let us denote it Qa- It then satisfies 

[n A ,a] = a (21) 

for any section a G W. 

There always exist abelian connections on W, an example of these connections 
may be expressed as 

V A = V s + l - [uj^yV + r, •] (22) 



with deg r > 3 p3| . Associated with T>a there is a subalgebra of W, denoted Wa, 
defined by 

W A = {aeW : V A a = o}. (23) 

There is a one to one correspondence between the C°° functions ao(x) over S and 
the elements of W A . In fact, given a G VFa , one defines the projection 

aa := a(x, y = 0, h) = a (x), (24) 

and given ao(x) there is a unique element a G PKi with such projection. The explicit 
expression of this element, obtained by solving Vaci = 0, is 



a(x, y, h) = a (x) + D^(x)Y + ^D^D u a Q (x)y^y u + ^D ll D u D p a (x)y^y u y p 
1 



H R^ pX u^D a a yW + ... (25) 

where the remaining terms are of higher degree. If a and b G Wa, then 

a(a o b) = a * 6 (26) 

where * is the globally defined star product. In the particular case when is 
constant and the symplectic connection is zero, the formula agrees with the Moyal 
product. 

Finally, we may obtain the above constructions also for more general Weyl bun- 
dles where the fibre T X T, is replaced by L x . The latter being any symplectic vector 
space on S of dimension 2n with a given symplectic structure u and corresponding 
symplectic connection D^. The bundle L is assumed to be isomorphic to TE where 
the bundle isomorphism is 

e:TM -> L (27) 
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Introducing a local symplectic frame (ei . . . em) of L and a dual frame (e 1 . . . e 2n ) 
for the dual L*, we will have local one-forms on S £*(e*) = e^dx^ corresponding 
to a basis {dx p } of T*S. The form w in L may be transported to TS giving a 
nondegenerate two-form on E 

w = ^ujije 1 A e 7 = ^u^dx 1 * A <2x" (28) 

Once the isomorphism between L and TE is defined the corresponding concepts 
like symplectic and abelian connections apply as above. 



3 Yang-Mills connections over the Weyl bundle 

We will consider in this section one-form connections and curvatures on u(l) valued 
Weyl bundles over a manifold S with a symplectic two-form whose coefficients are 
constants, in this case we take = <5^. We will assume also that the totally 
symmetric symplectic one-form connection O is zero. These assumptions will be 
relaxed in the next section. They are valid, for example, on the symplectic vector 
space R 2n with a constant symplectic two-form u). The extension to the u(N) non 
abelian case may be achieved by considering the Weyl algebra bundle with elements 
a valued in the u(N) algebra. The following construction may then be extended in 
a straightforward way. 

We denote by fl A (£, W) the set of sections a(x,y) of W satisfying 

V A a(x,y) = (29) 



where T>a in (22) with r = takes the particular form 



% 

Vao,(x, y) = da + —[e^dx 3 , a], (30) 

and Qa 1 ^, W <S> A 1 ) the set of sections b = e l bi(x, y) of Weyl algebra valued one- 
forms in W (g> A 1 in a particular basis (e l . . . e 2n ) that fulfill the condition 

V A b l (x,y) = (31) 

the coefficients bi G Q° A (S, W). Any elementc a G fi^(S, W) satisfy the equation 

a = a + 5~ 1 (V A + 5)a(x,y) (32) 
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where Da is the abelian connection of section 2 and 

is an operator acting on every term c pq = Ci 1 ...i p ,3 1 ...j t y n • • • y tp e :jl ■ ■ ■ eP q of c(x, y) e 
W ® A as follows 

5 _1 c P g = — ■ — y k i{e k )c m (34) 
p + g 

here i{ek) is the contraction on one-forms operation. These operators satisfy a 
formula similar to the Hodge decomposition 

c(x, y) = 5<5~ 1 c + 8~ 8c + c 00 (x) (35) 

where cqo{x) is the zero- form central term of c. Notice that S decreases the degree 
of every term of c in one, while increases it in one. 

Given the first term ao(x) in fl32|) , the rest of the terms in the series a(x,y) 
can be calculated using an iterative procedure by applying successively the same 
equation (j3~^). 

We introduce now the lifted symplectic connections and curvatures on W whose 
projections to central terms yield the usual noncommutative Yang-Mills field strengths. 
We consider first the connection T> given explicitly by 



V = d+ l -[ 1) .] (36) 



locally 7 is in £l A l (^, W ® A 1 ). 
If a e n° A (E,W), then 



its projection yields 



Va = e\d i a+ l -[ lu a}) e Q A \ (37) 
h 



aVa = e l {dia Q {x) + ao}Moyai) (3£ 



where a'ji = A{. 

Condition 7 e fi J 4 1 (S, W ® A 1 ) is necessary to get the desired projection over 
A X (E) in ( |3^). The more general condition = is not enough to achieve the 
required projection. 

We define the infinitesimal gauge variations A g of sections a G fi^(S, W) as 

A g a(x, y) = [a, A] (39) 
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where the infinitesimal parameter A G W). We then define 

A g j(x,y)=V\, (40) 

implying 

A g Va=[Da,\]. (41) 
In particular, we obtain from equation ( [40]) 



i 

A g Ai = di\ + -r{Ai(x),X (x)} Moya i (42) 

where <r\(x,y) = Xo(x). 

We remark that A s 7 G f2 7 4 1 (S, W ® A 1 ), this is a non-trivial property of the 
construction. In fact, if the curvature of the symplectic connection was not zero , 
then e l di\ would not belong to Qa 1 and the above construction had to be modified 
so that all gauge equivalence classes could belong to Qa 1 - We notice that T>a 
corresponds to the zero in the space of connections we are considering and it is 
invariant under infinitesimal gauge transformations. This result implies that T>— T>a 
defines the same connection as T> on any f^^E, W® A 9 ). So in considering physical 
connections we will take those ones normalized to zero, in this case T> = T> — T>a 
besides, this connection representation is more appropriate to study global aspects 
of the bundle. 

We may now write the curvature of the connection D, 

Sl = d 1 +^a, 1 ]-u } (43) 
it satisfies the Bianchi identity 

VVL = 0, (44) 
under infinitesimal gauge transformations, we obtain 

A fl fi = [ft,A]. (45) 

The projection of Q becomes the usual noncommutative Yang-Mills field strength 

1 - i 
crfi = -e l A e ] (diAj - djAi + - {Ai, A^Moyai) ~ w = T - u (46) 

equation ( [4*6] ) corresponds to u(l) noncommutative Yang-Mills theory. We may now 
define the -u(l) Yang-Mills action over the Weyl algebra bundle 

S YM = f a(no*n) (47) 
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where *Q G W ® A 2n_2 is the Hodge dual to fl constructed using the induced metric 
g(-, ^determined by a compatible complex structure J and the symplectic structure 
lu(-, •) on the vector bundle L, 

g(u, v) = u(u, Jv) for any two vectors L X) (48) 



complex structures J always exist for any symplectic vector bundle. Equation (|4 
may be written as 

S YM = I J 7 A* J 7 -2 I T A *u + Vol 



/ T A *uj + Voh (49) 



4 Global construction of noncommutative gauge 
theories on the Weyl algebra bundle 

Let £ be a symplectic manifold with a symplectic two-form oj^dx^ A dx v '. In this 
section, we assume u to be an arbitrary non-degenerate closed two-form over S. A 
set of multi-beins is defined by 

£*V = V £ ^ e *i> ( 50 ) 

where is the canonical symplectic tensor. Because of Darboux theorem, locally 
we always have 

ej = d,g\ (51) 



We may consider an atlas where on each chart we have ([|l]) • The transitions 
on g % between different charts preserve the symplectic structure (|50|). The multi- 
bein will then have transitions over S, otherwise, one would have a set of 2n 
non- singular vector fields globally defined over S, but this is not true in general. 

Let us discuss the transitions on intersection of charts in more detail. Consider 
two open sets U and U, U f] U — in which 

£// = d n9*> and = d^g 1 (52) 
respectively. In U fl U we then have 
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from which we obtain 



ej = S)ej where S) = Pefeje^ (54) 

we define the inverse of e by e^ejk = $%■ One may verify that S preserves the 
canonical symplectic tensor and hence S G Sp(2n). Consequently in order to have 
a global construction over S, one must begin by introducing a symplectic Sp{2n) 
connection on the tangent bundle. We first consider the following symplectic con- 
nection over E, 

where (^ up is a totally symmetric tensor. This is the most general expression for a 
connection satisfying 

(A + e>pA = (56) 

here O^, is expressed in terms of and its derivatives. It is invariant under the 
Sp(2n) transition of the multi-bein. We now consider the following torsion free 
connection on the tangent space 



?U = *"(^r - (57) 



it transforms as a Sp(2n) connection under Sp(2n) transformations on the tangent 
space. In fact, 

= (S )iT^S k — (S (58) 

This connection is symplectic on the tangent space. We may construct from it the 
most general symplectic connection on the tangent space in the following way. Let 
us denote 

b^dp + Tp, (59) 
a symplectic connection must satisfy 

{bfj, + Al^ey = (60) 

this equation has the general solution 

AI*, = \{D^ + ^V(W + e^Ciiik)^ (61) 

Ar^ is a covariant vector on the world volume and a tensor under Sp(2n) trans- 
formations. Since the connection ([59]) is symplectic the first two terms of the right 
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hand side member in ([J]]) are zero. We may finally construct our symplectic con- 
nection D , when acting on mixed indices vectors V* it yields 



it satisfies 

D^p\ = 0, D^ij = (63) 

and it has the right transformation law on the world volume and in the tangent 
space. If we impose AT^ to be zero, that is if we take the totally symmetric term in 
(|6lD zero, then the symplectic connection ( p^) acting on the multibein is zero. This 
property is valid for any totally symmetric symbol in fl55| ). The Sp(2n) symplectic 
connection reduces in this case to Q57p. In the evaluation of the final formulas we will 
consider this kind of connection. We will call D an Sp(2n) symplectic connection, 
when it acts on geometrical objects on the tangent space only. 

We will now introduce a connection VonW which in the flat limit when u has 
constant coefficients, e k = S^ k and Q* u = reduces to the Yang-Mills connections 
of section 3. It will be a map from Qa° |— ► ^a 1 ) which in addition to the gen- 
eral property of any connection (|7]) it satisfies the Leibnitz property for the Weyl 
product in W. All these properties should, of course, be preserved under gauge 
transformations. We consider 

V= l -[G l e\.}+ l -[ ll .} (64) 
where Gi obeys the following equations 

V A G l = 0, ad = e ijg j (x) (65) 



where g 3 (x) is defined in (pi]) and % also obeys 

V Ali = 0. (66) 



recalling equations (|i0|) and (|22|) , T>a is now written using the symplectic connection 



m (£4) 

V A = V s +^[e ij y i e j +r r ] (67) 
We will denote the projection of 7« as Ai(x), like in section 3 

cr 7i = Ai(x) (68) 
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T> has the folowing properties: 

a) If a G Q° A then T>a G This is so because the abelian connection T> A acts di- 
rectly inside the bracket, and then equations (|65|) and (|66"D assure that it annihilates 
all terms inside it. 

b) If a G n q A then 

V(aob) =Vaob+ (-l) q aoVb (69) 

because the bracket has that property. 

c) If a G fi^, 

^[G^e 1 , a] = e i e kl d k g j e ij d l a + 0(h) = e%aQ + 0(h). (70) 

since 

dj = effV = ^ ( 71 ) 
the terms 0(/t) depend on the curvature of the symplectic connection ( p^| ) and 
becomes zero in the flat limit. Consequently, in that limit [Gje l ,a] is the element 
of VL l A with projection e l diao- It then coincides with T>sa, which in the flat limit 
(and only there) is also an element of We conclude that in the flat limit (]6~4T) 
is exactly the Yang-Mills connection of section 3. 

d) We define the gauge transformations in a chart by 

A s7 = V\ (72) 

where A G Q° A is the infinitesimal gauge parameter as before. It then preserves the 
form of (1641). 



e) The curvature of the connection T> is then given by 
it satisfies the Bianchi identity 

Vtt = (74) 

this property follows from the Jacobi identity for the bracket. The first term in 
( |73"D reduces in the flat limit to 

±[G,Gl = ~e 4 A^ = - W (75) 
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The projection of Q has in general the expression 
a tt = - u + T - ^ [R jkU {D.D h D t A m - \R rkip e™D q A m )) A fc W A e m 

-^ R miRmJ j ^ A e ™ + °( h3 ) ■ ■ ■ (76) 



where the curvature is constructed from the Sp(2n) symplectic connection fl62|) , 
the remaining terms are higher order in h and depend also on the derivatives of the 
curvature. The curvature T is the Yang Mills field strength 

^=Ie<Ae^-A-A + ^A,^W) (77) 

constructed now with the Sp(2n) covariant symplectic derivative introduced in 
( |62"D , notice that the star bracket in (|77"D is the global generalization of the Moyal 
bracket over the whole symplectic manifold obtained in fL3f , briefly presented in 
section 2. We notice that, because of ( |5"T| ) and (|5"3|), the first covariant symplectic 
derivative of g % is a simple derivative. We will assume the same transformation law 
under Sp(2n) for A in (|68|). As in the previous section the above construction may 
be extended to u(N) valued Weyl algebras in a straightforward way. 



5 Supermembranes and noncommutative gauge 
theories 

As already said before, the supermembrane in the light cone gauge shows as a gauge 
symmetry symplectomorphisms in two dimensions. This result lead us to look for 
a formulation of the supermembrane in terms of symplectic noncommutative gauge 
theories constructed from an intrinsic symplectic structure. 

The starting point in the construction we have discussed in previous sections is 
the symplectic manifold E. From the global symplectic two-form uo we constructed 
all the geometric objects which allow to formulate Yang-Mills connections over 
the Weyl algebra bundle. After projection we obtained a global noncommutative 
formulation of Yang-Mills connections. For the case of the supermembrane in the 
light cone gauge, the world volume S is a Riemann surface. But now, how do 
we incorporate a symplectic structure into it?. A natural way is to consider a 



supermembrane with a nontrivial central charge of the SUSY algebra [17]. That is, 
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consider Z 
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Z 12 = [ dX 1 A dX 2 = 2nn (78 



which requires that when E is a compact Riemann surface, X 1 and X 2 must be 
winded on compactified directions. By the Weil theorem,there always exists a non- 
degenerate closed two- form u satisfying a condition like (|78|). In particular, we may 
consider a solution for the winded case on a compact Riemann surface £ where the 
Hodge dual of u is an integer, 

* uj = n (79) 

over all S, the monopole solution. The density used in *uj is the one introduced in 
the light cone gauge fixing procedure. This monopole configuration has a natural 
generalization for other p-branes in terms of extended self-dual connections |§ || 

H- 

We may thus introduce in an intrisic way a nondegenerate closed two-form 
uj = dX 1 A dX 2 over E. This closed two-form is invariant under the area preserving 
diffeomorphism M which is the residual gauge symmetry on the supermembrane 
in the light cone gauge. We may now construct, using our approach of the previ- 
ous sections, noncommutative Yang-Mills connections globally defined on the Weyl 
bundle over S. 

We consider the seven transverse coordinates to the supermembrane as projec- 
tions of corresponding elements X M (x, y), M = 1, ... 7 belonging to Q° A . The gauge 
transformations of aX M with respect to the area preserving diffeomorphisms on 
the membrane correspond exactly to the gauge transformations constructed over 
the Weyl algebra bundle for the elements of Q A . These elements will have asso- 
ciated conjugate momenta densities P M , we will also denote P M the associated 
scalar fields P M = -^=L=P M and P M G Vt Q A . Also, we consider 7 = %e\ i — 1,2 and 
IT = Wuiijei the one-form gauge field and its corresponding momentum density, 
respectively. We denote II = ^-^- 11 the associated one form momemtum. Notice 
that II belong to Q\. The symplectomorphisms are generated by the first class 
constraint 

V i W + [X M ,P M ] = (80) 

All elements X M , P M and IP will transform homogeneously under an infinitesimal 
gauge transformation with parameter A as in the previous section 

A,- = [,A] (81) 
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also, the gauge field will transform accordingly as 

A 9 7 = VX (82) 

where T> is the connection introduced in section 4. 

We may then write the following Hamiltonian density on the Weyl algebra over 
S, subject to the above first class constraint, as a noncommutative Yang Mills 
coupled to the scalar fields representing the tranverse coordinates to the membrane, 

H = \{P M o *P M ) + i(ri o *ri) - ^- 2 ([G t e* + 7 , X M ] o *{ Gl e* + 7 , X M ]) 

-^- 2 ([x M , x N ] o *[x M , x N }) + ±(no *r2) (83) 

We may inmediately project out the center components of this Hamiltonian 
yielding 

an = ^(P M ) 2 u + i(n A *ri) - (D A X M A *D A X M ) 

--^-{X M , X N } 2 star u + - uu)(*F - *u) + curvature terms (84) 

where D A = D S X M + {A, X M } star corresponds to the first terms in a projection of 
the gauge covariant derivative, 

<jT>iX M = J L ^ U X M }star + ^{^1 X M } s tar 

= D Si X M + \{Ai, X M } star + curvature terms . . . (85) 

All constructions of sections 2, 3 and 4 are based on properties related to the 
Weyl bracket, they do not rely on the Weyl product by itself. These two basic 
properties are the Jacobi identity and that covariant derivatives satisfy the Leibniz 
condition with respect to the bracket. We may reconstruct everything if we replace 
the Weyl bracket by a Poisson bracket on the Weyl bundle. That is, we may change 
the noncommutative gauge symmetry based on a Weyl bracket in the theory for a 
symplectic gauge symmetry based on a Poisson bracket. The symplectic connections 
fulfill again the Leibniz condition with respect to it. We may then proceed to define 
the connections 

V = D s + h,»]p (86) 

where now 

'•••^'w (87) 
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We then have for a G W 



V[a, b] P = [Va, b) P + [a, Vb] P (88) 
We may construct abelian connections as before 

V A = D S + [^Uirfe?, *} P + [r, m] P (89) 

such that 

V A V A a = [Q, a] P = 0, (90) 

Q being a central section of the Weyl bundle. We now deal with sections a G Q° A of 
the Weyl bundle obeying 

V A a = 0. (91) 

Its explicit expression may be obtained as before. We have again a one-to-one 
correpondence between a G Q° A and its projection = aa. The projection of the 
Poisson bracket in W now yields 

a[a,b] P = (? i d i a d j b (92) 

where a a = ao and ab = 6 - 

We may now reconstruct Yang-Mills connections and extend them in a global 
way over S. Everything follows exactly in the same way as before by changing 
the Weyl bracket by the Poisson one. The corresponding supermembrane action 
may now be written in terms of the Poisson bracket. It is this canonical action that 



describes the doubly compactified D = 11 Supermembrane as was first found in [[LO 
It agrees with the noncommutative action obtained from the Weyl bracket when 
we expand up to degree 2. It must be in this way since the supermembrane action 
neither depends on the parameter h of the formal deformation quantization nor 
on the arbitrary totally symmetric symbol present in the symplectic connection. In 



this sense the symplectic noncommutative action of the supermembrane in |T(J when 



formulated in terms of the star connection using a Seiberg-Witten map, provides 
an action for a noncommutative star theory which does not depend either on h or 
on the totally symmetric symbol in the symplectic connection. It is natural to think 
that there is a one-to-one correspondence between the gauge equivalent classes of 
the Yang-Mills connections constructed from the Weyl bracket and with the Poisson 
one. We will discuss this relation and the corresponding Seiberg-Witten map in a 
forthcoming paper. 
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We notice that in both actions in addition to the standard noncommutative 
Yang-Mills terms, the integral of the projection of the curvature of the correspond- 
ing Yang-Mills connection on the Weyl bundle is present as well. This term charac- 
terizes the Weyl algebra bundle as a vector bundle, it is introduced from the global 
construction which is expressed in terms of inner derivatives only , and there is no 
way to avoid it from this global point of view. This term can not be eliminated in 
the description of the supermembrane. Fundamental properties of the theory, such 
as the spectrum, change dramatically if it is fixed to zero. 

6 Conclusions 

We have set up a global formulation for noncommutative Yang Mills theory over 
general symplectic manifolds using the concept of connections over Weyl algebra 
bundles on symplectic manifolds . This result is used to construct an action for a 
noncommutative supermembrane where a new topological term appears. We have 
found that the ordinary supermembrane action as known in the literature and the 
noncommutative supermembrane as constructed here may be obtained by special 
choices of connections in an Abelian Weyl bundle in each case. Also, that the 
framework of Weyl bundles suggests us to construct actions for super membranes 
and Yang Mills theories straightforwardly in a natural way whenever the symplectic 
structure is given from the start. We notice in the case of supermembranes that 
this symplectic structure may be provided by central charges in general. We took 
as example the case when the central charge is related to winding of coordinates in 
the target space in eleven dimensions for compact supermembranes. Similar results 
may be expected for the case of charged open membranes with boundaries. 
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